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Controllability, Realization, and Stability
of Discrete-Time Systems

LEONARD WEISS

Mathematics Research Center
Mathematics and Information Sciences Division

Abstract: The following problems are discussed and solved in this paper: Finding
computable, necessary and sufficient conditions for complete reachability and complete
observability of a linear, time-varying, discrete-time system; finding sufficient conditions
for complete reachability of nonlinear discrete-time systems; relating reachability to the
concept of discrete Pfaffian systems; obtaining a minimal-dimension difference equation
(with possibly variable coefficients) from a given input/output function of a system; find-
ing necessary and sufficient conditions for Lyapunov stability and finite-time stability
of nonlinear difference equations; and giving an algorithm for determining whether a
linear difference equation is stable in the finite-time sense.

I. INTRODUCTION

In a certain sense, the theory of discrete-time systems dates back at least to the time of
De Moivre and Laplace, who were the first to use the concept of generating functions in con-
nection with the study of discrete random variables [1]. In the modern engineering literature,
these functions are called z-transforms [2], about which we shall say nothing further in this
paper. The systematic study of difference equations (about which we shall say a good deal)
began much later, with major landmarks in the development of the theory being provided by
the treatises of Boole [3] and Milne-Thomson [4]. The interest in these equations in both
mathematics and engineering stems from their usefulness in various applications. Numerical
analysts deal with them in designing and analyzing algorithms for the numerical solution of
differential and other equations [5], while engineers are often confronted with physical sys-
tems whose description by difference equations is quite natural [6]. In addition, any system
whose internal structure may be unknown but whose input/output behavior can be (at least
partially) obtained through experiment is a candidate for a difference equation model, and this
accounts, in part, for the popularity of such models with economists, psychologists, and stat-
isticians (see Ref. 7 for many examples from these areas).

With the advent of digital computers, such models have become of compelling interest,
and an accelerating growth of literature on various aspects of discrete-time systems has been
the result [8].
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In this report, we study some selected problems in the mathematical theory of discrete-time
systems, and we derive various results for both linear and nonlinear deterministic systems
in the areas mentioned in the report title. (See Ref. 9 for discussion of stochastic discrete-time
systems.)

II. PRELIMINARIES

Consider the difference equation

x(k+l) =f(k, x(k), u(k)), k E (C 3, (1)

where 3 is the set of all integers, x(k) E N n, u(k) E 9jP, p - n. Then, as long asfis a well-
defined function on S X Nn X 9P, there is no problem regarding existence and uniqueness
of solutions to (1) starting from any given initial condition.

A linear discrete-time system is a system of the form (1) in which f is a linear function
of x and u, i.e., (1) becomes

x(k+l) =A(k)x(k) + B(k)u(k), ke 3, (2)

where A(k) is n X n and B(k) is n X p, p - n.
In connection with (2), we define a real n X n matrix-valued function Q on 8 X 8 by the

formulas

fl(kj) = A(k)A(k-l) . . . A(j+l)A(j), j,k E 8, k 2 j

• (k,k+l) A I (the identity), k E (3)

Q(k,j) undefined for j > k + 1.

By iteration, the solution of (2) at the kth instant starting from initial time ko and state xo is

k-I
x (k: ko, x0, u) =l (k-1, ko) x, + A, fl(k-1, j+1) B (j) u (j).

j=ko

It should be noted that, unlike ordinary linear differential equations, it is possible for the
set of all solutions of (2), with u( ) = 0, to be located in a proper subspace of 9P n (example:
take A(-) e 0). That is, discrete-time systems can be pointwise degenerate [10]. (If the set
of all solutions to (2), with u e 0, spans Rin, the system (2) is said to be pointwise complete
[11].) This property plays an important role in seeking necessary conditions for controllability,
as will be shown later on. The possibility of pointwise degeneracy adds interest to the study
of linear discrete-time systems, for it means that theories developed for linear ordinary con-
tinuous-time systems (where pointwise completeness always holds [12]) may not have 1:1
correspondence to their analogs in the discrete-time case. It is therefore of interest to develop
results for discrete-time systems which are independent of the properties of pointwise com-
pleteness or degeneracy (and to point out circumstances under which consideration of these
properties cannot be avoided).
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If the matrices {A(-), B ( ), C( ) } in (2) are transformed via a coordinate transformation
(k) = T(k)x(k) where T(k) is an n X n matrix, nonsingular for all k, into a system (2) with

matrices {A(*), B(-), C(*)}, then

A(k) = T(k+1)A(k)T- 1(k)

B(k) = T(k+1)B(k) (4)

C(k) = C(k)T-1 (k).

Finally, we denote the set of positive integers by 3+, and we define a discrete interval [ays],
where a,,B E 8, a - 3,B as the set of integers {a, a+I, .. ., V3-li, PI}.

III. THE CONCEPTS OF CONTROLLABILITY AND REACHABILITY

One of the most fundamental contributions to the mathematical theory of systems over the
past 15 years has been the formulation and characterization of the property of controllability,
which was first done by Kalman [13] for linear, time-invariant, discrete-systems. Since then,
much development of the theory of controllability (and its conceptual partner, the theory of
reachability) has occurred for differential equations (see Refs. 14 and 15). In the sequel, we
present some results for reachability and controllability of time-varying linear and nonlinear
discrete-time systems using a variety of techniques.

In the following defintion, the phase space $ = T" X 3.
Definition 1. (a) For the system (1), the phase (x,v) e 8 is reachable (or N-step reachable)

if there exists N E 3+, and a control sequence Vi = {u(v - N+ 1), u(v-N+ 2), -* , u(v)} such that
the phase (0, v - N) is transferred to (x, v) under the action of qi (written (0, v-N) W (x, v)).

(b) If, for all x e 2iftn, (X, v) is reachable (or N-step reachable), then the system (1) is com-
pletely (N-step) reachable at time v.

(c) Complete (N-step) reachability with no time designated implies that (1) is completely
(N-step) reachable at all times.

Definition 2. The phase (x, v) is controllable (or N-step controllable) if there exists N E

+ and & = {u(v), u(v + 1), * * *, u(v + N-I)} such that (x, v) t1(0, v + N).
Definitions of complete (N-step) controllability follow in an entirely analogous fashion from

Definition 1.

THEOREM I. A necessary and sufficient conditon for (2) to be completely M-step reachable
at time v is that

rank[B(v- 1), O(v- 1, v- I)B(v-2), * , f1(v- 1, v-M + I)B(v-M)] n. (5)

Proof (Sufficiency). Let

9Pk(V -l) = [B(v-1), fl(v-1, v-)B(v-2), * ,f(v -1, v-k + I)B(v-k)] (6)

and suppose rank !$m(V - I) = n. The solution to (2) at time v starting from the zero state at time
- M is
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U(V -1)
u(p - 2)

(7) X(V; v-M, 0, U) = 9A,(V -1)'(7

W~V M)

or, simplifying the notation,

XA(V) = R(V - l)UM(V), (8)

where

u(v- IT

UM(V) -

u(v -Mj

Now, define an n-vector VM(v) by the relation

UM(V) = QA!'t(V - I )VM(v), (9)

where the prime indicates transpose. Then, from (8) and (9),

VM(v) - [ M(V - 1) 5M(V- I )]'XM(V), (10)

and so we can solve for VM(v) and thus obtain, from (9), the appropriate sequence of controls
needed to reach any given xm(v).

(Necessity). Suppose rank MR(v - 1) < n but the system (2) is completely M-step reachable
at time v. Then there exists a nonzero vector -q e fin such that a' l.m(v - I) = 0. Hence, pre-
multiplying both sides of (7) by q' yields -q'x(v; v-M, 0, u) = 0 regardless of u. Since the system
is completely M-step reachable at time v, choose {u(v - M), -* *, u(v- l)} such that x(v; v-M,
0, u) = ,. Then q 7) 0 = which contradicts the assumption that -q # 0. E

COROLLARY I. The system (2) is completely M-step reachable at time v if and only if the
rows of fl(v - I, v - k + I )B(v - k), considered as functions of k, are linearly independent over
the discrete k-interval [I, M].

Proof. Let

E0(v-1, v-k) =Q(v-1, v-k+1)B(v-k).

If the rows of O(v-i, v-k) are linearly dependent on [i,M], then there exists an n-vector
#q =A 0 such that

rq'e(v-1, v-k) = 0 for all integers k E [1,M] .

4
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But (1 1) implies -q' A?,, (v-1) = 0 where RAI is given by (6). Hence rank 9AI (V--) < n, and,
by Theorem 1, the system is not completely reachable at time v. Reversing the argument proves
the converse. *

Remarks: 1. The criterion (5) is also a sufficient condition for complete (M-step) con- m
trollability of (2) at time v-M. It is not, however, a necessary condition for controllability as
defined in Definition 2 (with N = M) unless A(-) is invertible on the discrete interval [v-I,
v-M+1] (the pointwise completeness condition for linear discrete-time systems).

2. The proof of Theorem I shows that complete M-step reachability at time v implies the
ability to reach any fixed state at time v from any given state (not just the origin) at time P-M.

3. Notice that complete M-step reachability at time v implies complete N-step reachability
at time v for all integers N - M. This statement is false if reachability is replaced by control-
lability unless A *) is invertible for all integers ¢ v+M.

4. In the time-invariant case, (5) reduces to the standard condition

rank [B, AB, * * *, Am-1B] = n for some M - n. (12)

It therefore follows that in an n-dimensional time-invariant system, complete reachability (or
controllability) implies complete M-step reachability (or controllability), with M any integer
satisfying (12). The minimum possible value of M is n-p+1, where p is the number of control
variables.

IV. CONTROLLABILITY FOR NONLINEAR DISCRETE-TIME SYSTEMS

Using Theorem I plus a technique developed by Lee and Markus [16], one can obtain
a result for controllability of systems of the form (1). In this case, it is expedient to assume
that f is a differentiable function of its arguments although only the values of f and its deriva-
tives at discrete instants are of interest. (Hence this type of result is applicable to sampled-
data systems).

Consider the system (I) with f(k, 0, 0) = 0 and f differentiable in all its arguments.

Definition 3. The system (1) is locally controllable at time v if there exists a neighbor-
hood . 0 of the origin in gin such that for every state x e At,, there exists M e 8+ and a se-
quence, { u(v); u(v+i), * * -, u(v+M-1)}, such that x (v+M; v, x, U) = 0.

Now consider the system (2) where

Of
A(k) =-(k, 0, 0)

Ox

Of
B(k) =-(k, 0, 0).

au

THEOREM 2. The system (1) is locally controllable at time v if the system (2), with A( )
and B (-) as given above, is completely controllable, at time v.

Proof. For simplicity, let v = 0. For some fixed integer X, and n-dimensional vector pa-
rameter 6, let

u (k, e) = B'(k) [fl (X-1, k+1) ]'�, k = 0, 1, . . . , X- I.
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Define

x (k+l ,S,) = f (k,x (k,e) ,u (k,e) ), k = O. 1, 2 .. .

with x(0,{) = 0, and let

J(k) ax(k,()

Notice that u(k,O) = 0 for all k so that x(k,O) = 0 for all k. In that case, it is easy to show that
J satisfies the difference equation

J (k+I) = A(k)j (k) + B(k) au (k,f) 1=oau

(13)
= A(k)J(k) + B(k)B'(k) [O(X-1, k+l)]',

where J(0) = 0 and k = 0, 1, , X-1. Iterating (13), we obtain

JMA = A( 1 A(-),(14)

where R,(X-I) is given by (6). By hypothesis, there exists an integer M such that rank SEAl
(M-1) = n. Then J(M) is nonsingular and the implicit function theorem then allows one to
obtain a solution to the equation x(M;Oxoe) = 0 in terms of a mapping rl: v<, - such
that f = H(xo). Hence, (1) is locally controllable at time 0. -

V. AN ALTERNATE APPROACH TO REACHABILITY

In this section we show that a discrete version of Pfaffian systems can be used to generate
results on reachability for linear discrete-time systems.

Consider the system (2) and let G(k) be an (n-p) x n matrix such that rank G(k) = n-rank
B(k) and G(k)B(k) = 0 for all integers k f [v-M, v-i], for some M E M > 1. Then, from
(2), we have that

G(k)x(k+l) -G(k)A(k)x(k) = 0 (15)

for all k on the discrete interval [v-M, v-l]. We shall call (15) the discrete Pfaffian associated
with (2). Let gj' denote the ith row of G and let g'(k) be an arbitrary nonzero linear combina-
tion of the rows of G(k). That is,

g' (k) =Eaxi (k)gi (k) -
i

Definition 4. The discrete Pfaffian system (15) is summable on [v-M, v-l] if and only
if there exists some nonzero g' (k) such that the expression

g'(k)x(k+l) -g'(k)A(k)x(k) (16)

is an exact forward difference on [v-M, v-2].

6
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More precisely, summability of (I 15) on [v-M, P- ] means that there exists a scalar-valued
function p(k, x) where (k, x) E [v-M, v-2] X 91", such that

A.,,p(k, x) = g'(k)

(17)
AkP (k, x) = g'(k) [A (k)-I] x

where Ak represents the forward difference operator with respect to the variable k, and

Arp(k, x) = (A.1.1 o(k,x), ... ,

Clearly, this type of definition will also work for nonlinear systems of the form (1), provided
the control u(k) appears linearly. In the case at hand, the choice of q' is obvious, since, by inspec-
tion of (16), we have the following proposition.

PROPOSITION I. A necessary and sufficient condition for (16) to be an exact forward differ-
ence on [v - M, v - 2] is that

g'(k - I) g'(k)A(k)

for all k on the discrete interval [v-M + 1, v-I ].
The function p in (17) can therefore be taken as (p(k, x) = g'(k)x.
The main result we wish to prove in this section is as follows.

THEOREM 3. The following statements are equivalent:

(i) The system (2) is completely M-step reachable at time v.
(ii) The discrete Pfaffian (15) is nonsummable on some discrete subinterval of [v -M,

v-1].
(iii) Rank Qm~p(v - I = n, where PAM is given by (16).

Proof. (i) <-> (iii): Was proved as Theorem 1.
(i) X (ii): Suppose the Pfaffian is summable on the entire discrete interval [v-M,

v -I ]. Then there exists a nonzero row vector g'(k) such that g'(k)B(k) = 0 for all integers k E
[v - M, v - I ] and, by Proposition 1, g'(k - 1) = g'(k)A(k) for all k e [v - M + I,v - I]. Hence,

g'(v- l)64m(v- I) g'(v -1)[B(v-I), fl(v-1, v-1)B(v-2), **,
fl(v-l, v-M+I)B(v-M)]

= [g'(v-l)B(v-l), g'(v-2)B(v-2), , g'(v-M)B(v-M)]
=0.

But this implies that rank Qms,(v-1 ) < n, so that the system (2) is not completely M-step reach-
able at time v. Taking the contrapositive establishes that (i) => (ii).

(ii) =X (iii): Suppose rank gAm(v- I) = q < n. Then there exists an n X n nonsingular matrix
T such that

T!QM(V-I) = (18)
O
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where Rm has q rows and rank Qm(v- 1) = q. Let 71' be a fixed nonzero row vector whose first
q entries are 0. Define

g'(k) = 7l'TO(v-I, k+ I), k E[v-M, v-1]. (19)

Then

g'(v-I) = 71'

and

g'(k-1) = g'(k)A(k), k E[V-M+l, v-i]. (20)

It then follows from (18) and (19) that g'(k)B(k) = 0 for all integers k E [V-M, v-1 , and
(20) implies that the discrete Pfaffian associated with the system (2) is summable on the entire
discrete interval [v-M, v-1]. Taking the contrapositive proves (ii) X (iii), which proves the
theorem.

For a discussion of the Pfaffian technique applied to continuous-time systems, the reader
is referred to Hermes [17] and Weiss [9].

VI. OBSERVATILITY

The duality principle discovered by Kalman [ 13] is a statement of the fact that the mathemati-
cal structure of the optimal control, quadratic cost problem in control theory and the optimal
estimation, minimum variance problem in filtering theory are identical for linear ordinary differ-
ential equations. The role of observability in filtering theory is completely dual to that of reach-
ability in control theory.

The appropriate model for our study of observability in the discrete-time case is as follows:

x(k+l) =A(k)x(k) +B(k)u(k)

y(k) = C(k)x(k), (21)

where k E 3, Ak) E 91" and represents the output of the system. A(-), B(-), x(-),andu(-)are
as in (2).

Definition 5. (a) The system (21) is completely (N-step) observable at time /.4 iff there
exists N E 8+ such that knowledge of y(pu), y(js+l), **, y(p,+N-1) and u(pa), u(,u+1), * ,
u(,A+N-2) is sufficient to determine x(pA).

(b) The system (21) is completely (N-step) determinable at time ,u iff there exists NE 3+
such that any state at time A can be determined from knowledge of y(A-N+ ), *.* , y(tL) and
u(ju-N+l), -- -*, u(A-1).

(c) Complete observability (or determinability) without any time designation denotes com-
plete observability (or determinability) at all times.

The definition of determinability differs from that of observability in that in the former case,
we determine the "present" state from "past" measurements while in the latter case, we deter-
mine a "past" state from "future" measurements.

THEOREM 4. The system (21) is completely N-step observable at time ,s if and only if

rank [C'U(tu), [O(g, g) ]'C'(i+I), * * *, [O(ju+N-2, ,) ]'C'(p1+N-1) ] = n. (22)

8
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Proof (sufficiency). The solution to (21) at the mth instant starting from initial time p r
and initial state x(pa) is

y(m; ta, x(g), u) = C(m)fI(m-1, tk)x(1,) + I C(m)SI(m-1, k+I)B(k)u(k). (23)
k =A

Let

m-I
3(m, 0) =y(m; A, x(O), u) - Z C(m)M(m-I, k+I)B(k)u(k).

k=,,

Then

3(m, IL) = C(m)fI(m--, ,A)x(p), m IL,pA-1, * . (24)
Let

Fy(+l, /)

03/0J =! I (25)

Ly(A+N-1, A)
and let

CN(A1)= [C'(A), [O(,A, tL)]'C'(tt+I), * * *, [O(/,+N-2, I1s)]'C'(tt+N-1)]. (26)

Then it follows from (24) through (26) that

X (A) = [ /ON (/) ON (11) ON N(IL) YN (I) (27)

so that x([t) can be computed as long as rank &(I.) = n.

(Necessity). Suppose rank ON(p1) < n, but the system (21) is completely N-step ob-
servable at time ju. Then there exists a nonzero vector e e gin such that t' ON(lUs) = 0. From
(24) and (25) we have

'&N(/1) = ON'(/.L)X(y). (28)

Setting X(i) = ( implies (BJN(tL) = 0 which violates complete N-step observability (the "out-
put" is identically zero over [ja, /,+N-1], although the state at time Au is not zero). M

Remarks. 5. The duality between Theorems 1 and 4 is obvious. The system (21) is com-
pletely N-step reachable (or completely N-step observable) at time v if and only if the system

z(k-I) = A'(k)z(k) + C'(k) u(k) (29)

37(k) = B'(k)z(k),

with the time scale reversed about v, is completely N-step observable (or completely N-step
reachable) at time P.

6. One would expect the criterion for determinability (see Definition 5(c)) to be similar
to that for observability (see (22)), but there is an important difference. The criterion (22) is only
sufficient for complete N-step determinability at ,u unless the matrix A(*) is nonsingular over
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[/i, ,u+N-1]. That is, pointwise degeneracy could force the "present" state to be zero regard-
less of "past" values of y. Since knowledge of the homogeneous system equation is presumed
to be available to the observer, one could then, under the aforementioned circumstances, deter-
mine the "present" state regardless of the rank of the determinability matrix.

7. From condition (22) it is evident that complete N-step observability at time A implies
complete M-step observability at time u for any integer M 2 N. This is not the case for deter-
minability, however, unless the pointwise completeness condition holds at all integral times

IL-N.
8. The discussion in Remarks 1, 5, 6, and 7 indicates that the pairing of reachability-

observability and controllability-determinability as dual variables is most natural. This will
become still clearer in the next section. For remarks on this problem within the continuous-
time framework, where the issue is slightly less transparent, see Weiss [18] and Kalman [19].

Finally, the dual result to Corollary 1 is given.

COROLLARY 2. The system (21) is completely N-step observable at time ,u if and only if
the columns of C (p,+k) fl (li+k-1, tA), considered as functions of k, are linearly independent
over the discrete k-interval [0, N-1].

VII. REALIZATION OF INPUT/OUTPUT FUCTIONS

As a result of different analysis or design considerations, dynamical systems are represented
in various ways, e.g., by means of transfer functions, impulse responses and weighting patterns,
input/output operator equations, state-variable differential equations, etc. For any kind of sys-
tem with such different representations, it is desirable to be able to move easily from one repre-
sentation to another. Exactly how one does this in the case of finite dimensional systems has
been the subject of many papers in recent years (see Kalman [20], Weiss and Kalman [21],
and Youla [22]). A complete solution to the problem of constructing a state-variable differ-
ential or difference equation from input/output functions of "smooth" linear, time-invariant,
finite-dimensional systems was given by B.L. Ho [23] via a now well-known algorithm.

Our objective in this section is to develop the background for a (partial) solution to the
following problem: Given the graph of a matrix function of two discrete variables W(k, 2),
find (if possible) a linear, discrete-time system of the form of (21), having minimal state dimen-
sion, which generates the given data as the graph of the system's "unit pulse response" (see
Definition 6 below).

We begin by considering the linear system (21) with its concomitant solution (23).

Definition 6. The unit pulse response matrix for the system (21) is the m xp matrix function
W(k, 2) given by

W(k, 2) = C(k)f1(k-1, 1+1)B(l), k > 2
= 0, k - B. (30)

Remarks. 9. The name unit pulse response is suggested by the fact that, in (21), if u =
col(ul, * * *, up), y= (yi, * *, ym), and W = (wuj), then the ith column Wi of Wcan be expressed as

Wi(n, r) = y(n; r, 0, u),

where u(k) 'col(O, * * *, 0, 8 kra 0, ... 0), and the Kronecker delta 8
kr appears in the ith entry.

10
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10. In ordinary linear differential systems, the kernel matrix W(t, T) (referred to as the D

"weighting pattern" [24] in system theory) is defined for all (t, T), whereas the causal impulse
response Wc(t, T) is defined as -

I-,

Wc(t, T) = WI(t, T), t 2- TC

= 01 t < T.

Except for the case where the system (21) is pointwise complete for all k e 3 (i.e., the "A"
matrix is invertible for all k), the unit pulse response W(k, 2) is not naturally well defined for
2 > k, and is arbitrarily set to 0 in the latter region. In this sense, the unit pulse response and
the causal impulse response are analogous.

PROPOSITION 2. The unit pulse response (30) of a system (21) is invariant under coordinate
transformations.

Proof. Consider an arbitrary coordinate transformation x(k) = T(k)x(k). Then {A( *),
B(-), C(.)} is transformed into {A(-), B(-), C'()} according to the relations (4). Then

W(k, 2) = C(k)h(k-l, 2+1h)(2)

= C(k)T-1(k)T(k)f1(k-l, 2+1)T-1(2±1)T(2+l)B(2)

= C(k)f(k-l, ±1 )B(2) = W(k, 2). U

Now consider (30) and, for some fixed integer X, write it as

W(k, 2) = C(k)fQ(k-1, X+1)fl(X, Q+1)B(Q), 2 - x < k.

Let

'P(k, X) A C(k)fQ(k-1, X+1), k > X (31)

O(XA,) Q- fl(X, l+1)B(2), 2 - X. (32)

Then

W(k, 2) = I(k, X) O (X, 2), 2 - X < k. (33)

Let

no(X) - number of rows of 0)(X, *) linearly independent on (--, X]

np,(X) -number of columns of 'I(, A) linearly independent on [A,xc)
A

no max min {no(X, np,(X)}. (34)

(Note that no is uniquely determined by (32)).
Define A by the relation

(35)

I I

no =min fno(�), no (i)j.
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Definition 7. The unit pulse response W(k,2) in (30) is globally reduced iff no = no(A) =

LEMMA 1. Every nonzero unit pulse response has a globally reduced form.

Proof. Let W(k,2) be a unit pulse response given by (30), and suppose it is not globally
reduced. Assume, without loss of generality, that n( ,(A) < no(A) < n = number of rows (columns)
of O. Then there exists an n X n nonsingular constant matrix T. such that

where the no(A) rows of 01 are linearly independent on (-x, A]. Partitioning T conformably
with 01 and multiplying P on the right by T1-1, we get

W(k, k) =[Ti(k, A) T12(k, )
0

= P11d(k, A)@ ,().

Since the no(X) columns of TPl are not linearly independent on [A, x), there exists an no(!) X
no(A) nonsingular matrix T2 such that

W(k, ) = 1,,(k, )T2 T2 -10 1 ((, 2),

where

TP(k, i)T2 = [P(k, A) 0],

and the nq,(i) columns of P are linearly independent over [A, x). Writing

®(X), 2) = T2 -'0 1(A, 2),

we then have that

W(k, 2) = P(k, X)®(A, 2)- C(k)Q(k-l, 2+l)B(2)

which is globally reduced with C of dimension m X no and B of dimension no X p. U
Definition 8. A global realization of a unit pulse response W(k, 2) is a linear finite dimen-

sional discrete-time system, defined on 8, whose unit pulse response coincides with W(k, 2).
A realization on a smaller time set is a local realization.

Definition 9. A minimal realization of a globally reduced unit pulse response is one which
has the lowest state-space dimension of all global realizations.

Now consider the following lemma.

LEMMA 2. (a) A minimal realization of a globally reduced unit pulse response is com-
pletely reachable and completely observable at some time v.

(b) Conversely, any realization which is completely reachable and completely observable
at some time v is minimal.

12
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Proof. (a) Let W(k, 2) be given by (33). Suppose there is no time such that the realization
{A( ), B(-), C( )} is completely reachable and completely observable. Then, by Corollaries 1 a
and 2, and for any integer X, either the columns of T(-, X) or the rows of O(X, *) are linearly
dependent on the infinite discrete interval [A, x) or (-x, A], respectively. But this contradicts c
the assumption that W is globally reduced.

(b) Suppose {A(-), B(-), C(.)} is a nonminimal, completely reachable and completely
observable, realization of a unit pulse response. Let {A(-), B(), C(.)} be a minimal realization.
Then

C(k)fl(k-l, 2+l)B(2) = C(k)f1(k-1, 2+l)B(2),

and both expressions represent the same globally reduced unit pulse response. But dim fl() >
dim fi(-), and this contradicts the uniqueness of no in (34). U

COROLLARY 3. The dimension of any minimal realization of a unit pulse response (30) is
the number no in (34).

Definition 10. Two realizations of a given unit pulse response are algebraically equivalent
iff they are related by a coordinate transformation.

Although a unit pulse response is invariant under coordinate transformations, and all minimal
realizations have the same dimension, it does not follow that all minimal realizations are alge-
braically equivalent. This is due to the existence of "extra degrees of freedom" in the choice of
C(k) or B(1) provided by the arbitrary setting of W(k, 2) = 0 for 2 - k. To illustrate this, consider
the scalar systems {a(-), b(-), c(K)} and {a(.), b( ), ~(-)} in which

a(-)

1,5 k = 3, 4
b(k) k

0, otherwise

1, k = 5, 6

c(k) k
0, otherwise

1, k = 1, 2, 5, 6

c(k)=
0, otherwise

Then the unit pulse response for both systems is

1, k = 5, 6; 2=3, 4
W(k, 1) = (36)

0, otherwise

but the two systems, which are both minimal realizations of the unit pulse response (36), are
not algebraically equivalent.

We now delineate a class of systems of the form (21) in which all minimal realizations of the
associated unit pulse responses are algebraically equivalent.

The proof of the following theorem is analogous to one given by Youla [22] (see also Kalman
[14]) for a result on algebraic equivalence of continuous-time systems announced in Ref. 23
(see also Ref. 21).



LEONARD WEISS

THEOREM 5. Two realizations of a given unit pulse response are algebraically equivalent

if they are completely N-step reachable and completely M-step observable for some N, M E 3±.

Proof. Let {A i), Bi(-), C1 Q-)}, i= 1, 2, be the two realizations. Let

Vi (k, X) = Ci(k)hi(k-1, X+1), i = 1, 2

Zi(X, 2) = fi(X, 2+1)Bi(2), i = 1, 2.

Then, for any X e 8, the rows of 0I(X, -) and the columns of 'i ( *, X) are linearly independent

on the discrete intervals IN = [X, X-N+1] and Jm= [X+M-1, X], respectively. Let

Ki= E Pi'(k, X)'Pi(k, X), i = 1, 2
k{JM

Li = E i Z(X, k) Ei'(X, k), i = l, 2.

keIN

Then, since

W(k, 2) = 'i(k, X),i(X, 2), 2 - X < k, i = 1, 2,

we have

®2(X, 2) = K2, [ qY ' 2 '(k, X)'Pi(k, X) ] 1(X, 2)
kf JM

(37)

=U0 (X, 2)

where

U = K2-' E 'P2'(k, X) '11,(k, A).
keJM

Similarly,

IP2(k, X) = P1 (k, X) [ E 21(, e) 2
1 (A, 2)1 L2- 1

(38)

=P (k, X) V,

where

V = [ Z(X, Q) (A, 1) ]L2 '.

Then

IV,(k, X)®1(X, 2) = %P2 (k, X)e2 (X, 2) = I'(k, X) VUO 1(X, 2).

Hence VU = I or U = V-'. It then follows from (37), (38), and the definitions of iEi and q'i that

{AI(*), B1(-), C1 (-)}is algebraically equivalentto {A 2( ), B2(*), C2 (')}. U

14
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VIII. CONSTRUCTION OF MINIMAL REALIZATIONS

We now present an algorithm for constructing a minimal realization of a unit pulse response -
given in the form of numerical data. The algorithm, which will work whenever the given unit
pulse response possesses a realization which is completely N-step reachable and completely
N-step observable for some N e 8+, is analogous to one given by Silverman [25] for certain special
classes of continuous-time systems. Important computational advantages are gained in the
present context, however, and the result can be viewed as the first step in a procedure for synthe-
sizing optimal linear digital filters [26].

We begin by defining the generalized Hankel matrix (see Ref. 27) for the unit pulse response
W(k, 2) given by (30).

Definition 11. The generalized Hankel matrix of a unit pulse response W(k, 2) is given by

WN(k, 2) =

IW(k, 2) W(k, 2-I) .-- W(k, 2-N+--)

W(k+1, 2) W(k+1, 2-1) ... W(k+1, 2-N+1)

W(k+N-1, 2) W(k+N-1, 2-1) * - W(k+N-1, 2-N+ 1)

(39)

From (30), (6), and (26), we have

%rN(k, k-1) = 6N'(k)MN(k-1). (40)

THEOREM 6. Let W(k, 2) be an m X p matrix function of two discrete variables. Suppose
W is a unit pulse response with an n-dimensional realization {A(-), B(-), C(-)} as in (30), and,

for some N E 8+, WI'x(k, k-1) contains a fixed n X n submatrix F(k) which is nonsingular for all
k e 8. Then there exists an n-dimensional, completely N-step reachable and completely N-step
observable realization of W, given by

{ 1
17,r, A, FF-'}, (41)

where

A(k) = submatrix of 'XN(k, k-1) consisting of those rows of the first rn-column block
whose indices match those of the rows of r;

F(k) = submatrix of VN(k, k-1) consisting of those columns of the first p-row block
whose indices match those of the columns of F;

F, (k) = submatrix of 7lN(k+ l, k-i1) consisting of those elements whose indices match
those of the elements of r.

Proof. Since we postulate existence of an n-dimensional realization and rank 7/N(k, k-I) >
n for all k, it follows from (40) that rank WI' K(k, k-I ) = rank ON(k) = rank .QN(k-1) = n for all k.
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But, by Theorems I and 2, this implies that the realization {A(-), B(-), C( )} is completely N-
step reachable and completely N-step observable, and by Lemma 2, this realization is minimal.
Now, it follows from (40) that

r(k) = ro(k)r,(k-1), (42)

where ro(k) consists of those rows of O'N'(k) whose indices match those of the rows of r, and
r,(k-I) consists of those columns of gN(k- I) whose indices match those of the columns of r.
Since r is nonsingular, it follows that ro and r, are nonsingular. Defining F,(k) as the matrix
contained in

C(k+I)A(k)

Kx(k+l , k- 1) = C(k+2)C(k+ I)A(k) [B(k-1), A(k-I)B(k-2), *- *
A(k-1)* ..A(k+N-I)B(k-N)],

C(k+N-lI) ... C(k+l)A(k)

the indices of whose elements match those of the elements of r, it is clear that

rF(k) = ro(k+l)A(k)r,(k-1).

But since r,(k) is a submatrix of WiN(k, k-1) and rank PN(k, k-I) = rank VN+l(k, k-1), it
follows that there exists an n X n matrix A(k) such that

r,(k) = A(k)r(k). (43)

Then

rF(k+I)A(k)rF(k-l) = A(k)ro(k)rF(k-1),

which yields

A(k) = ro(k+l)A(k)ro- 1(k) = rF(k)F-l(k). (44)

In like manner, it follows from (40) plus the definitions of A and 'F that

A(k) = ro(k+I)B(k) (45)

and

'F(k) = C(k)r,(k-1) = C(k)ro-F(k)r(k). (46)

it is now a simple matter to note that {A(-), B(-), C( )} is algebraically equivalent to {Frr-F,
A, Fr-1 }, where the associated coordinate transformation matrix is ro. The realization (41) is
completely N-step reachable and completely N-step observable (since these properties are in-
variant under algebraic equivalence), and the realization is obviously minimal. U

Remarks. I 1. Although the algorithm proceeds from the assumption that a realization
with the appropriate properties exists, one need not know what this realization is in order to
obtain (41).

16
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12. The realization (41) will be time invariant if a time-invariant realization exists, since
VN(k, k-I) will be a constant matrix under those circumstances.

13. The algorithm will yield a realization defined on any discrete k-interval on which the
function WN(k, k-1) is defined.

14. The "partial realization" problem discussed by Kalman [28] and Tether [29] has an
analog in the present framework, but we shall not consider that problem here.

IX. LYAPUNOV STABILITY

Two of the most fundamental questions arising in control system analysis or design are
What are the possibilities for identification and alteration of system behavior?
Is the system stable (in some sense)?
Up to this point, we have been concerned only with the first question and its ramifications

with respect to the realization problem. We now turn to the second question and discuss some
aspects of the stability problem for discrete-time systems.

We first consider the nonlinear, homogeneous, n-dimensional system

x(k+l) =f(k, x(k)), k e ( = {ko, ko+1, ko+2, . . . } (47)

defined within a region 3 ... {x e Rn; 11 x 11 - H}. It is assumed thatf is finite for all finite values
of its arguments and that f(k, 0, 0) = 0 for all k e C.

Definition 12. The zero solution of the system (47) is stable if, for any e > 0, there exists
6(e, ko) > 0 such that I1x(ko)II < a implies 1Ix(k; ko, x(ko))jI < e for all k E S.

Sufficient conditions for stability of (47) in terms of existence of Lyapunov functions have
been known for some time [30]. The converse problem, however, has been treated only sparsely
in the literature, and usually only with very restrictive assumptions. For example, Hahn [31]
has proved a converse theorem within the context of "general motions" of dynamical systems,
but his assumptions, when applied to (47), essentially include the requirement that f be "invert-
ible" (i.e., that x(k) can be expressed as a function of x(k+l)).

We now show that this assumption is unnecessary for the concrete model (47) by proving
the following Lyapunov-type stability theorem and its converse:

THEOREM 7 (Weiss and Lam [32]). The system (47) is stable if and only if there exists
a real-valued function V(k, x), defined on (k, x) E S X a and continuous in x at x = 0, such that

(i) V(k, 0) = O for all k E S.

(ii) There exists a real-valued, continuous, monotonically increasing, positive definite
function a(-) such that V(k, x) 3 a(IQxII) for all k e S, all x E Zi.

(iii) AV(k; x(k; ko, x) ) Ofor all k e S, x E Z, where A is the forward difference opera-
tor.

Proof (Sufficiency). By the assumptions on V, corresponding to any given e > 0, (e < H),
we can choose 6 > 0 such that lixoll < 8 implies 1Ix(ki; ko, xo) 11 = e' 3 e. By hypothesis
(iii),

V(ki, x(k; ko, xo) ) S V(ko, xo).

17
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Hence, we have

a(e) - a(e') - V(k1, x(ki ; ko, xo) ) S V(k0, xo) < a(e),

which is a contradiction.

(Necessity). Let

V(k, x) = min {H; sup {IIx (j;k,x) II} }
j,keG!

a(IIxII) = IlxII.

Then V(k, 0) = 0 for all k e G and since (47) is assumed to be stable, V is continous in x at x = 0.
Moreover, it is simple to check that hypothesis (ii) is satisfied. Now, for any k e ( and any x
e Zi, we have

AV(k, x(k; k0, x)) =min{H; sup {Ilx(j; k+±, x(k+l; kox))lI}1
jak+ I

j,k+ IetG

-min{H; sup {I1x(j; k, x(k; k0 , x))Il}}.
j,kefG

Since

sup || | sup 1i
j--k+ I j -Ir

j,k+ IE jkeS

we have that AV(k; x(k; ko, x)) - 0 for all k e G, all x e Z;. U
It should be noted that without further information about the behavior of trajectories of

(47), the "sup" function alone cannot suffice as an appropriate V-function in order to prove
the necessity of the hypotheses of Theorem 7. If one is interested in boundedness rather than
stability, however, such a V-function is admissible [32].

X. FINITE-TIME STABILITY OF NONLINEAR SYSTEMS

In certain practical situations, stability in the sense of Definition 12 may be irrelevant. It
may be more pertinent to require some function of the state to remain bounded in a particular
way over a fixed finite number of discrete instants rather than to consider asymptotic properties
as k - o. The theory of finite-time stability has been created in response to such types of prob-
lems within a continuous-time context.

We now develop some results in this theory (see Weiss and Lam [32]) for nonlinear discrete-
time systems.

Let GN = {ko, ko+1, , ko+N}.

Definition 13. The system (47) is stable with respect to (a, f3,(5N), a < /3, if I|xoIl S a implies
iix(k+ k,, xo)il < 8 for all k EGN.

Definition 14. The system (47) is uniformly stable with respect to (a, /3, GN), a < /3, if
l|xII S a implies IIx(i; k, x)il < a forj e {k, k+1, * * * , ko+N}, for all k eGN.

Definition 15. The system (47) is contractively stable with respect to (a, /3, Y, EN), /3 <
a < y, if it is stable with respect to (a, y, GN) and I|xoIl '| a implies IIx(ko+N;ko,xo)ii </3.

1 8
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We use the following notation:

V,,(k) = min V(k, x);
IIx|I=a

Vma(k) = max V(k, x);
IIxI|=a

Z(a) = {x e 9N: IIx|i < a};

Vm,(k) = min V(k, x)

VM(k) = max V(k, x)

; (a) = {x e Wfl: IIxIl S a}.

THEOREM 8. The system (47) is stable with respect to (a, /8, GN), a < /8, if there exists a
real-valued function V(k, x), defined for all k e(GN and continuous in x e gin, and a real-valued
function sp(k) defined onG(2N-i such that

(i) AV(k, x(k; k(, x.)) S p(k) for all k e GN-I , all x e¶(/3)

(ii) E 'p(j) < Vn(k)- Vm(ko) for all k eGN.
jEGN-1

j<k

Further, if the function f in (47) is "invertible," then the converse holds.

Proof. It follows from (i) that for all k e (5,

V(k, x(k; ko, xo)) s V(ko, xo) + W ,
t(ReN-]

j<lk

Suppose iixoii S a and there exists 2 CGN (the first such point) such that |ix(l; ko, xo)ii 8 /3while
iix(1-1; ko, xo)ii < /. Then

VW() - V(Q; x(Q; ko, xo)) < V(ko, xo) + E OD(j)
jeSN-1

j<l

S Vm7(ko) + E p(j)
jeSnN I

j<j

which contradicts (ii). This proves the first part.
To prove the converse under the additional hypothesis on f, we take so(j) 0 and define

V(k, x) = Iix(ko; k, x)II, k EGN, X e gn.

Then V is continuous in x and

V(k, x(k; ko, xo)) = Iix(ko; k, x(k; ko, xo))il = IIxoII

for all k EGN. Hence,

AV(k, x) = 0 for all k E GN, all x ETn, so (i) is satisfied.

19
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Now,

V(ko, x) = 1lx(ko; ko, x)|I = jjxji

so that

Va(ko) = a. (48)

Since the system is stable with respect to (a, /3, GAN), it follows that for any pair (k1, xi),
with k I E GN, l|xi 1 /3 , we have

V(k 1 , xi) = 11x(ko; k,, xi)|I > a.

by continuity of V in x,

Vf, (k) > a for all keGN. (49)

Combining (48) and (49) yields condition (ii), and the theorem is proved.
For application of this theorem to finite time stability of linear systems, see Weiss and

Lee [33].
We now state, without proof, the corresponding theorem for uniform stability.

THEOREM 9. The system (47) is uniformly stable with respect to (a, /8, GN), a < /3,
if there exists a real-valued function V(k, x), defined for all k e GSN and continuous inxe E T,
and a real-valued function +(k) defined on GN-I such that

(i) AV(k, x) < +(k) for all keGN-1, all x e10(/3)

k2 l
(ii) E +(j) < Vm(k2) - V (k1) for all kl,k2 EGN,k2 > k 1.

j=kl

Furthermore, if f in (47) is "invertible," the converse holds.
Finally, we present a theorem on contractive stability for systems of the form (47). The

result is analogous to that of Kayande [34] for differential equations, and is in the spirit of a
result given by Hurt [35]. The latter gives some interesting applications of results of this type
to error analysis in numerical computation. Since the proof requires only one extra step beyond
that of Theorem 8, it is omitted.

THEOREM 10. The system (47) is contractively stable with respect to (a, /3, y, SN),
/3 a < Ky, if there exist a real-valued function V(k, x), defined for all k e GN and all xe ETn,
and a real-valued function k (k) defined for all k e GN, such that hypotheses (i) and (ii) in Theorem
8 are satisfied, and in addition

i 5(j) < min V(ko+N, x) - V`(ko).

Furthermore, iff in (47) is "invertible," the converse holds.

20
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Remarks. 15. Sufficiency conditions for finite-time stability of (47) were first obtained
by Michel and Wu [36].

16. Necessary and sufficient conditions for finite-time stability of (47) have also been
derived by Heinen [37], but in a form different from that presented here.

XI. FINITE-TIME STABILITY OF LINEAR SYSTEMS

The basic linear theory for finite-time stability of discrete-time systems has been developed in
Ref. 33, which contains general sufficient conditions, as well as results on mean square finite-
time stability under white noise sequence perturbations.

Our objective in this section is to indicate how the Hermite-Fujiwara form of the Schur-
Cohn criterion for asymptotic stability of linear constant-coefficient difference equations can
be used to obtain a computationally simple test for finite-time stability of linear time-invariant
systems. Our exposition of the classical result follows that of Kalman [38].

First we characterize finite-time stability for linear discrete-time systems.
Let F be a real n X n matrix. {X (F) } is the set of eigenvalues of F. If the latter are real,

A = max { X(F) }. Define the spectral norm of F as

IiFii* = VIT) 

Now consider the system of linear equations

x(k+l) =A(k)x(k), k ko, ko+I, ko+2, ... , (50)

where A(k) is n X n.
The solution at the Ith instant starting with initial state x0 at time ko is

x(l; ko, xo) = fl(1-1, ko)xo (51)

Where [1 is defined by (3). From (51) and Definition 13 we obtain the following result.

THEOREM II (Weiss and Lee [33]t). The system (51) is stable (Definition 13) if and only
if

iifl(k, ko)ll* < ct k = 1, * , N. (52)

COROLLARY 4. If A(-) in (50) is constant with time, then (51) is stable (Definition 13)
if and only if

IiAkiI* < Ha, k = 1, N. (53)

Now, let A in (50) be a constant matrix, and denote the characteristic polynomial of A by

p(Z) = zn + azn-" + . + an. (54)

tin Ref. 33, J|xJi cannot be equal to a in the definition of finite-time stability. Hence (52)and(53)differfromthecorre-
sponding conditions in Ref. 34 by being strict inequalities.
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Then the constant system (50) is (classically) asymptotically stable if and only if all the zeros
of P(z) lie inside the unit circle on the complex plane.

A criterion for P(z) to have all its zeros inside the unit circle was given by Fujiwara [39],
using a classical technique of Hermite, as follows.

Let P* be the polynomial defined by

P*(Z) = z"P(z-') (55)

and define

rP(Za* (w)- P(W)Pa* (Z) n
Q(Z, W) = l Z-w ]= I ZiPiiljwj-1. (56)

By (55), Q also has the representation

Q(z, w) wn-" [P(z)P(w P*(w-) J= w n-I E Zi(iw,-j (57)

The matrices 4 = (spu) and T = (qjij) are n X n symmetric matrices and are related by jij=
(pin-j. In fact, from (54), (55), and (56), one can easily compute sPij as

min(ij)
(pij = E (ai-kaj-k - a,,-+kan-j+k), ij= 1, * , n. (58)

k=1

THEOREM 12. (Fujiwara). The zeros of the polynomial P in (54) lie inside the unit circle
on the complex plane if and only if the matrix F defined by (58) is positive definite.

To apply this to the finite-time stability problem, we need only consider the simple proposi-
tion below.

PROPOSITION 3. If zo is an eigenvalue of a matrix F, then czo is an eigenvalue of cF.
Now, consider the system (50) with A a constant n X n matrix, and let the characteristic

polynomial of (A IkAk) a2 //3 2 be given by

Pk(z) = zn + alkZn I + + a11k. (59)

Let 4 k = (ok)) be the n X n matrix defined by

min(i j)
( (k) = E (i-jkaj-jk - n-i++,kan-j+1,k), - 1, n. (60)

1=1

Then, from Corollary 4, Theorem 12, and Proposition 3, we have the main result of the
section.

THEOREM 13. The system (50), with A constant, is stable (Definition 13) if and only if the
matrices 4Fk defined by (60) are positive definite for k = 1, 2, * * *, N.

Using a result of Parks [40], an alternate form of Theorem 13 can be obtained. Let Pk be
the characteristic polynomial of (A 'kAk) a2 /,/ 2 as in (59). Let Pk* (z) = znPk(z-'). Define the n-
vector qk = col(qkl, * * *, qkn) by the expression
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ak.Pk(z) - Pk(Z) = qknZn I + * + qkl.

Let qrk denote the companion matrix

0 1 X 0

o O\

0 0-- ... I

-akn -ak.

Then we have the final theorem.

THEOREM 14. The system (50), with A constant, is stable (Definition 13) if and only if
there exists a sequence {Sk} of symmetric, positive definite matrices which satisfy the equation

Ok SkTk - Sk = -qk qk, k = 1, * * *, N. (61)
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